We use power series expansion to calculate the eigenvalues of anharmonic oscillators bounded by two infinite walls. It is shown that, as the separation of the walls becomes large, the calculated eigenvalues are of the same high accuracy as that recently obtained for the unbounded ones by the inner product quantization method.
Introduction
Spectrum of many important potential functions frequently encountered in quantum mechanics can not be obtained exactly. Moreover, in most cases, conventional approximate methods commonly discussed in most standard textbooks(see e.g, refs.
[1]- [4] ), though may lead to rough estimates, are either not satisfactory or computationally complicated. A well known important example in this respect is a sufficiently deep double-well potential in which splitting of energy levels of two neighboring states, in particular the ground and first excited state, is extremely small owing to the non-degenerate nature of energy eigenvalues of bound states for onedimensional potentials [5, 6] . Perturbation and semiclassical methods are, in such a case, of limited use while the variational method though provides upper bounds requires carefully well chosen trial functions. The need, thus, arises to have a relatively simple and an effective approximate method with a high degree of accuracy.
A variant of approximate methods and numerical techniques have been recently devised to calculate to high precision the spectrum of the one-dimensional symmetric anharmonic oscillators, with either a symmetric solution [7] - [21] or a symmetrybroken solution [22] - [39] .
In a recent study a method based on Hill determinant [40] has been developed in ref. [35] . In this method (referred as: Inner product quantization procedure) the representation of the wave function Ψ(x) = i a i [E]x i R β (x),where R β is an appropriate reference function is utilized. Using a heuristic argument based on the Hill determinant method it is shown that the zeros of the coefficient functions a i (E) approximate the exact bound state energies with increasing accuracy as i → ∞. The method has been applied to several unbounded one-dimensional anharmonic oscillators leading to high accurate energy eigenvalues. In particular for sufficiently deep double-well the splitting of the ground state energy and first excited state becomes apparent only after 26 significant digits.
It has been, however, previously pointed out [9, 10] , that all eigenvalues determined by the Hill determinant method should not be allowed since the boundary condition Ψ(x) → 0 as|x| → ∞ is not incorporated into the method and may lead to incorrect result for some values of the coupling constants and for potentials in which x = ∞ is an irregular singular point of the Schrödinger equation. In addition the choice of the arbitrary reference function as emphasized in ref. [35] , is important and in general should fall off slower than the asymptotic form of the wave function.
The purpose of the present work is to apply the method of power series expansion to some symmetric anharmonic potential functions bounded by two infinite walls. We show that the expansion of the wave function in the form Ψ(x) = i a i x i in the finite interval −L < x < L with infinite walls at x = ±L leads, even for moderate values of L, to the same high accuracy for the anharmonic potentials considered in [35] . The initial work in this direction was carried out by Barakat and Rosner [8] , to the case of pure quartic oscillator, who showed that the lower order eigenvalues tend rapidly to the values of the unbounded oscillator as L is made large. The method has been subsequently employed to the bounded pure anharmonic oscillators (x 2k , k = 1, 2, 3, 4, 5) and to the case of shallow doubly anharmonic oscillators [9] . The power series in the finite range does not require introducing reference function and accommodates all eigenvalues since the boundary conditions are imposed at finite x. Thus the problem concerning the convergence of the wave functions encountered in ref. [35] does not arise here.
The rest of the paper is organized as follows. In sec.2 we apply the method of power series expansion to anharmonic potentials including a quartic, sextic, octic, dectic, duodectic and quartic double-well. In sec.3 we present our calculation of the eigenvalues and compare them with that obtained by the inner product quantization method. Finally in sec.4 we give our conclusion.
Power series expansion solution
In order to calculate the eigenvalues and eigenfunctions of the anharmonic oscillators bounded by infinitely high potentials at x = ±L, one needs to solve the eigenvalue equation (in unitsh = 1 , 2 m = 1) :
with the boundary conditions Ψ(±L) = 0. In the present work we restrict ourselves to potentials V (x) of the form
Here the coupling constant g > 0 and the mass parameter µ 2 takes real values. Utilizing the power series expansion
in eq. (1) we get the following recurrence formula for the expansion coefficients: a n = g a n−2 k−2 + µ 2 a n−4 − E a n−2 n (n − 1)
, n = 0, 1
The symmetry of eq. (1) implies that the solutions fall into two classes even and odd. Even solutions can be obtained by imposing (ignoring normalization) a 0 = 1, a 1 = 0, while odd ones by imposing a 0 = 0, a 1 = 1. The energy eigenvalues (E) are obtained from the condition Ψ(L) = 0 for both even and odd solutions. Since we are dealing with potentials admitting power series expansion for |x| < L, the power series solutions of Ψ(x) are, according to a well known theorem in differential equations, convergent [41] . In the following section we calculate the energy levels for the potentials given in eq. (2) using eqs. (3)- (4) and the boundary condition at x = L. Table 1 shows the calculated energies of the ground and first excited states for the bounded quartic, sextic, octic, dectic and doudectic anharmonic potential as compared with the obtained values reported in [35] for the unbounded case. Figure 1 shows the dependence of the ground state energy, for the bounded quartic anharmonic oscillator, on the coupling constant g, for 0 ≤ g ≤ 10, and L = 5. It is clear that the ground state energy,as expected, increases with increasing values of the coupling constant. Figures. 2 and 3 show the ground and first excited state wave function for g = 0, 1, 2. Figures 4 and 5 show the ground and first excited state for the sextic, octic, dectic and duodectic anharmonic potentials for g = 1. All these graphs of the wave
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Figure 2: The ground state wave functions for g = 0, 1 and, 2 for the bounded quartic anharmonic oscillator. functions assert the convergence of the power series expansion in the finite interval as emphasized at the end of sec.2. Thus the problem concerning the convergence of the wave functions encountered in ref. [35] does not arise here. Table 2 shows the calculated energies of the ground and first excited states for the bounded double-well potential as compared with the obtained values reported in [35] for the unbounded case. Our calculations confirm the predictions made in The dotted curves represent respectively (inward) the ground state wave functions for the bounded octic, dectic and duodectic case. V (x) = −µ 2 x 2 + x 4 (2L is the width of the well). The underlined values are as calculated for the unbounded potential in ref. [35] [35] concerning the pseudo-degenerate nature of the ground and first excited state energies for µ 2 = 25, which becomes apparent only after 26 significant digits. In addition we present the energies of the ground and first excited state for µ 2 = 35, 50. The splitting, for µ 2 = 35 is revealed after 42 significant digits and for µ 2 = 50 after 72 significant digits.
Our calculations confirm the general qualitative results that the energies of the low lying states of the double-well potential become almost degenerate (pseudodegenerate) as the depth of the well increases.
The method we employed allows one to get such accurate values depending on the number of terms in the power-series expansion and the width (2L) of the interval over which the potential is defined.
Conclusion
In this paper we have applied the method of power series expansion to a variant of symmetric one-dimensional anharmonic potential functions bounded by two infinite walls. We have compared our calculations of the low lying energy levels with that obtained using the inner product quantization procedure. In all potentials considered we have obtained results with more accuracy. More important we have analyzed the ground and first excited states of the deep double-well and found the splitting of the energy levels in this case becomes apparent only after 26 significant digits for the mass parameter µ 2 = 25 in agreement with the result obtained by the above mentioned method. We have also extended our calculation to the case of µ 2 = 35 where the splitting shows up after 42 significant digits, while for µ 2 = 50 the splitting starts after 72 significant digits. In the case of sextic, octic and dectic oscillators we have calculated the energy and wave function of the first excited states in addition to that of the ground states. Further more we have done the same calculation to the case of duodectic oscillator.
Though the two methods are equally powerful for the potentials considered in the present work, however the power series expansion in the finite range is convergent for potentials admitting power series expansion in the same finite interval. The present method also does not require introducing a reference function and accommodates, as well all eigenvalues, this is because the boundary conditions are imposed at the end points of the finite interval.
